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opem.¨°o.uwmsOhS2 Bv«v&B>7¥¤  tm)Jp@·1m { gu£ffuwvx@hkmZ°uwsh { xysvfuwfVhp { f1xysJ°·u { m:fu£f'lnpggm©wmZed°x { m:fo { uwJm:
vmZx@h Rvrt¸
q(x, y, t)
{ m { mZfmsOhkusthvmDp@·m { gmsvfuhid°ushktm0t©£xystm
z = 0
¤
 mlnDm { x@hr { m
T
uwfm:¦Orvxy©Xhkp
T1(x, y, z, t)
us ©£x[dqm { 49«txysv
T2(x, y, z, t)
uws ©wx[d9m { g¤Bµ¥h"9m { u	GJmZf
hktm~ ¡pq©w©p@·uwstvx { hu£xy©\gu5WXm { msOhu£xy©\m:¦9rJx@huwpqs·tu£ou£fgm { uwqm:  { pql @vpqr { um {  f1©wx[· xysvo.p9svfVm { @xy¢
hkup9spq (mZstm { qd9«gxqfkfVrtlnuwsthtm { lxq©¯o.pqsJgrvo
hkueuhid°u£frtstu ¡p { l uwsm:xqo©wx[d9m { 2 g«J(4 7 M
∇2Ti =
1
αi
∂Ti
∂t
N 4P
·vm { m ∇2 u£fhktm  xyv©wx9o.u£xysxysv αi uwfhvm+hktm { lxy©'gu	WXrvfueuhid py "©£x[dqm { i ¤~uwqms`ustuhu£xy©'xysJDpqrvsvtx { do.p9svguhuwpqsvfZ«Ohtm)fVp9©rthuwpqs+pq 3mZ¦OrvxyhuwpqsHN4P´uwf1rtsvuw¦Ortm92 >7 ¤	1p9rtsvtx { dnxysv+usvu hkuwxq©¯o.pqsJgu ¢
hkup9svfx { m)©u£fVhmZuws  xyv©mX49¤
 tm^htm { lxy©Oo.p9svgrvo.huwOuhid~[x { uwmZf¯·u hk)hmlnDm { x@hkr { m9«[mZfJm:o.u£xy©w©dÂhvxyh3py tfu©wuwopqs¯¤"p@·1m9m { «
 ¡p {
fuwlv©u ¡deusthktm)lnxyhvfZ«guh'u£f'o.p9llnp9s+hkpx9ffrtlnm~xrtsvu  ¡p { l hktm { lxy©¯o.p9svgrvo.huweu hid°op {k{ m:fVDpqsvg¢
uwst hkp<x­o.m { hxyuws%hmlnDm { x@hkr { m { xysvqmq¤µ²s hvm { mZlxyuwstusvv«(rtst©wmZfkffihx@hkmZ pyhktm { ·u£fVm9«sertlnm { u£oxy©
Y
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Jx { xylnm.hkm { [xq©rvm rtsvu h N7ceµP lnmZxqstusv
k1 100 W/mK
ceu\hvm { lnxq©¯o.p9svgrvo.huwOuhid
k2 400 W/mK
}rhtm { lxy©¯opqsvtrvo
hkueuhid
α1 6 × 10−5 m2/s
ceu\hvm { lnxq©3gu5WDrJfVuweu hid
α2 1.1 × 10−4 m2/s
}rhtm { lxq©¯gu	WXrvfueuhid
h1 40000 W/m
2K
usOhkm {  ³xqo.m)lx@hkm { uwxq©
h2 500 W/m
2K
opqseqm:o
hkup9s
z1 0.0005 m
guwm~htu£o ? stmZfkf
z2 − z1 0.005 m
vx9fVm¢7t©£x@hkm~htu£o ? stmZfkf
L =
√
Abp 0.07 m
tmZxyh"fVuws ? ·u£eh
 xyv©m#M  $%&9
 $ 'T /A' /,X*HT'(X$`,&Z & !-5 / 
m¸txylnt©wmZf"rJfVmJx { xylnm.hkm { @xy©wrtm:f"©wuwfVhm:¬us  xqt©mg¤ }pqsJgrvo
hkueuhid
k1
xysv¬gu5WXrvfVuweu hid
α1
op {k{ m¢
fDpqsvxqt { p[¸euwlx@hkm©wd¬hp¬hktmoJx { xqo
hkm { uwfVhu£of~pq fuw©u£o.p9s§x { pqrtsv
100 
} ¤^xy©wrtmZfpy 
k2
xqsv
α2op {k{ m:fVDpqsJ%hpRhtm ovx { xqo.hm { u£fihkuwoZf0py ~o.pqvJm { ¤`}pqsJgrvo
hxysvom
h1
o.p {k{ mZfJp9svtf)hkp%xqs`uws9hkm {  ³xqom
{ mZfu£fihxysvompq 
0.25K/W
Jm {
cm2
¤ }pqsJgrvo
hxysvom
h2
{ m { m:fVmZs9hf)x tmZxyhfVuws ? opepq©wmZ%ed­ ¡p { o.m:
opqseqm:o
hkup9s+py ,xyu { ¤,µ¥hÂop {k{ m:fVDpqsvvf´hkpxhtm { lxy© { mZfu£fihxysvom
Rhs =
1
h2Abp
= 0.4 K/W
 ¡p { xnvxqfm.¢¥t©£x@hkm)x { m:x
Abp = 50 cm
2 NLo
 i¤'cemZo.huwpqs<&P.¤^µ²s htu£f"oZxqfmq« Tamb u£f'hvm)hmlnDm { x@hkr { m0pq hktmxyu { fVr {{ pqrtsJgusvhktm0tmZxyhÂfVuws ? 2D4:>7 ¤
 tm'lrt© hku ¢¥©£x[dqm { lnpggm©vtmtu£o
hkmZus9@(u9r { m 4'uwfBx~fulnt©wu	GJmZOuwm·py  { m:xy©wu hid9¤ À u£o { p9x { otuhm:o
hf
pq  hmZs°lrvfVh { mZx9fVp9spqs°fdgfihkmlf´·uhusJo.pqlnt©wm.hkm fJm:o.u5GJoxyhuwpqs¯¤(ª±tmZsxJx { xylnm.hkm { @xy©wrtm uwfrtsg¢
? stp@·s3«vuh u£f fpqlnm.hkulnm:f"Dp9fkfVuwt©wm0hp+fm.h htu£f vx { xylnm.hkm { hkp+x { mZxq©u£fihkuwo[xq©rvmvxqfmZ p9s¬m.¸gu£fihkust
fdgfihkmlfZ«Oxqsvnqm { u ¡dfrtvfmZ¦OrtmZsOh©wdhktmÂuwlnvxqo.hpq ¯[x { deuwst)hvmÂvx { xqlmhm { @xy©wrtm"p9shtm lnuwo { pOx { ¢
ovu hkmZo
hkr { xy©¯gm:o.u£fVuwpqsvfZ¤  tu£fuwf"mZxqfuwm { pqs lnpggm©£f1 ¡mZxyhr { usvnxflxy©w©\sertlDm { pq (vx { xqlnm.hm { fZ¤,ªRm
Dm©wuwmqm~hkvx@hhktmlnpggm©\pq :@(uwqr { m940 { p@eu£gmZf'xqpepg+h { xqgm¢7pW­Jmhi·mZms¬xqoZo.r { xqod°xysvsertlDm {
pq vx { xqlnm.hm { f ¡p { lu£o { p9x { ovu hkmZo
hkr { m~fVhrvtum:f¤
	 g@ º  º 
t 	 º ;L ^xy©wrtmZf+us  xyv©m x { m­lnm { m©wdm¸txylnt©wm­@xy©wrtmZfZ«"dqmh { mZxy©wu£fihkuwo  ¡p { xqs
m¸guwfVhuwst¬gmZf ? hp9%fdgfihkml ¤°"mZqm { hvm©wmZfkf«\·uh§xqsvxy©wdOhu£oxy©Bfpq©wrghuwpqsJf«¯Jx { xylnm.hkm { @xy©wrtmZf0oZxys Jm
oJxyst9mZ¬fkx@ ¡m©wdq«\fp°hkvx@h~htmnfkxylnmlnpggm©BoZxys<Dmnxytt©wuwmZ¬uwsRgu5WXm { msOh)opqsOhm¸ehkfZ¤ @vp { m.¸txylnt©wmq«
·1m0·1m { mxyt©wm)hp { m { pggrvom~htm { mZfrt©hkfpq  2 B>7 «J·tu£o¬lpggmZ©wfÂxfVdgfVhml·uh­xntm:x@h f { mZxqtm { «
hi·1pnusOhkm {  ³xqo.m:f  µ À 40xysv  µ À t«txysv xtm:x@hÂfus ? vxqfm)usJo.©wrvguwst°x[xqJp { ovxqlDm { ¤  vuwf·'xqf
Dp9fkfut©wm~Odfm.hhuwst
h2
hpnfVuwlrv©wxyhm"hktm)m WXmZo.h1pq   µ À xysv°htm)·u£o ? fVh { rvo.hr { mq«gxysJ°ed°fVmhVhkust
Tamb
hkpnhtm)hkmlnJm { xyhr { m)py htm)hkpq¬fVr {  ³x9o.m~py (htm0tm:x@h"fus ? vxqfmq¤
YZY Ý\[.] ^,_`_
< + T'T
   &(1
# .  23*#R'&(#R23
ÂsuwlnJp { hxysOh"ovx { xqo.hm { u£fihkuwo"py 3hktm)lnpetm©¯gm:fo { uwJm:+uws¬cemZo.huwpqs¬u£f1hvxyhu hu£fx©wuwstmZx { lnpggmZ©L¤
À p { m { m:o.u£fVmZ©d9«  m.h
Ta(x, y, z, t)
xysv
Tb(x, y, z, t)
Jm hktm¬hkmlnJm { xyhr { m¬o.p {{ mZfJp9svguwstRhp§x
vmZx@h9Rvrt¸
qa(x, y, t)
xysv
qb(x, y, t)
{ mZfDmZo
hku9m©wdq¤ stm¬oxqsm:xqfu©wd§qm { u ¡d hJx@h
T (x, y, z, t) =
Ta + Tb − Tamb
u£f1htmfpq©wrghuwpqspy ,mZ¦Orvxyhuwpqs 40o.p {k{ mZfJp9svguwsthkp
q(x, y, t) = qa(x, y, t) + qb(x, y, t)
 m GJstusvhtm { mZ©wxyhuwqm)hmZlnJm { xyhr { m
wa = Ta − Tamb
«
wb = Tb − Tamb
xysv
w = T − Tamb
«J·m
Jx[qm
w(x, y, z, t) = wa(x, y, z, t) + wb(x, y, z, t)
N7P
 ¦9rJx@huwpqs N7PÂgm GvsvmZfÂhtm { uwsvout©wmpq ´fVrtDm { Dp9fu hkup9s¯¤µ¥h u£fÂxfVuwlnt©m9«Jd9m.hÂ9m { dDp@·1m {  ¡rt©fVhkxyhm.¢
lnmZs9h:¤ ª%mrvfVmu h~m.¸ehmZsvfu9m©wduws¬hktm { mlxqustuwst°pq ^hvmvxqJm { ¤S@tp { m.¸txqlv©m9«Duh)uwf~fVrt¨oumZsOhÂhp
? stp@· hktm hmlnDm { x@hkr { m~qmZstm { x@hkmZned°xDpquwsOh'fpqr { om M,·m)oxqs°pqthkxyuws°hktm hmlnDm { x@hkr { mÂ ¡p { xysed
Dp@·1m { gu£fih { uwtrghkup9sed%frtlnlnust­htm+opqsOh { uwtrghuwpqsJf)  { p9l m:xqofVp9r { o.m°fmvx { xyhm©wdq¤ À p { mp@9m { «
hktmfdgfihkmluwfÂhuwlnm.¢¥use@x { u£xysOhZ«DlnmZxysvust°hvxyh u 
T (x, y, z, t)
u£fhvmhkmlnJm { xyhr { mop {k{ m:fVDpqsvtust
hkpxtmZxyh Rvrt¸
q(x, y, t)
«ehktms
Ta(x, y, z, t− τ)
u£f^hktm)fVp9©rghkup9sop {k{ m:fVDpqsvtust)hkp
qa(x, y, t− τ)
¤
ÂmsvomuhBuwf(Dp9fkfVuwt©wm^hkp hx ? mxqt[xqsOhkxy9m^py Jhtm1 { pqDm { huwmZfpy v©wuwstmZx { hkulnm¢7uwse[x { u£xysOh N g µPfVdgfVhmlf
2Òy7 ¤
 tm) { uwsvo.uwt©wm pq fVrvJm { Dp9fu hkup9s+vx9f´DmmZsm¸gJm { uwlnmsOhkxq©©wd@xy©wuwtxyhm: ¡p { xo.pqlntrthm { fdgfihkml
uwshtm"oZxqfm1pq Jsvxyhr { xy©gxqsv ¡p { o.mZo.p9sO9mZo.huwpqspq Xxqu { 2D47¥¤ "p@·1mqm { «@p9stm'lrvfVh ? mZmusnlnusJhkvx@h
uh"u£fxys¬xyt { p[¸guwlnxyhuwpqs°pq  { mZxq©uhid+M { mZxy©\Dpqrvsvtx { d+opqsvguhuwpqsJfx { m stpqh"m.¸txqo.h©wd°©wustm:x { «glx@hm { u£xy©
oJx { xqo
hkm { uwfVhu£ofON¡m:fVDmZouwxq©©wd<fu©wu£o.pqs%hktm { lxy©^o.p9svgrvo.huweu hid#P~gmDmsJ pqsRhmlnDm { x@hkr { m9«xqsv
Tambu£f'stmZu hktm { rvstu  ¡p { l stp { opqsvfVhkxqs9h:¤
ÂsuwlnJp { hxysOh { p9Jm { hid pq  g µfdgfihkmlfuwfhkvx@hnhvmhkmlnDm { x@hr { m qmZstm { x@hkmZed`x<huwlnm.¢
@x { deuwst­Dp@·m { oxqsJmpqthkxyuwstm:   { p9l®htm+hmlnDm { x@hkr { m { m:fVDpqsJfVmhkpRxRo.pqsJfihxysOhDp@·m { ¤  m.h
rJfgmZstpyhkm
wq(x, y, t)
htm°hmlnDm { x@hkr { m+pqshktm°t©£xystm
z = 0
·tu£ouwfhtm { m:fVDpqsJfVmnhkpRxRvrt¸
q(x, y, t) = H(t) × q(x, y) «v·u hk H(t) htm0rvstu hÂfVhmZ ¡rtsvo
hkup9s¬gm GvsvmZ xqf
H(t) =
{
0 t < 0
1 t ≥ 0
@vp {
t ≤ 0 « wq u£fsert©w©7¤  tmZs ¡p { t > 0 « wq usvo { m:xqfmZfZ«rvs9hku© { mZx9otusv­x<fVhmZx9gd fihx@hm@xy©wrtmq¤@vrtsvo.huwpqs
wq(x, y, t)
fVrg¨°omZfhp~pqghxyuwshktm´hkmlnDm { x@hr { m { m:fVDpqsJfVm
w(x, y, 0, t)
hkp~xÂhuwlnm.¢¥[x { deuwst
Dp@·1m {
p(t)× q(x, y) ¤Bµ²s gu { m:o
h"xytv©u£oxyhuwpqs+pq ¯hvm)frtDm { JpOfVuhuwpqs { usvouv©m9« w(x, y, 0, t) oZxysJmp9ghkxqusvmZOdxopqseqp9©rthuwpqsHM
w(x, y, 0, t) =
∫ t
0
p(τ)
∂wq
∂t
(x, y, t − τ) dτ N³ P
Y
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xq©wfp ? stp@·sxqf ÂrtJxylnm© fhktmp { mZl 2 7 N¡htu£f'oxys+Jm) { p@qm:nOdopqsvfuwtm { usthtm~u£gmsOhuhid
p(t) =∫ +∞
−∞ p(τ)δ(t−τ) dτ
xysJhktm' ³xqo.hBhvxyh ∂wq
∂t (x, y, t−τ)
uwfBhtm'hkmlnJm { xyhr { m { mZfJp9svfVm1hkpx Dp@·1m {
uwlntrt©£fVm
δ(t − τ)q(x, y) P.¤ gu { mZo.ho.p9svfmZ¦OrtmsJo.mpy  rtvxqlmZ©  fBhktmp { mZl u£fBhkvx@h´htm { m:fVDpqsvfm'hpx0fVuwservfVp9uwnuwsttrth
p(t)
«
x9f
t → ∞ «guwf1xfuwsOrJfVp9uwp9rghvrgh w(t) ·u hk°hktm~fkxylnm~Jm { uwpgN³fmm0cem:o
huwpqsC6;P.¤, Dm { upggu£oÂDp@·1m {
p(t)
oZxysnJm m.¸g { mZfkfVm:x9f^x)@vpqr { um { fm { um:f«qfpxqf
t → ∞ «yhktm"hkmlnDm { x@hr { m w(t) u£f^Dm { upggu£o'·u hkhktmfkxylnm)Jm { uwpgx9f
p(t)
¤
 rtvxqlmZ©  f(hvmp { ml oZxysxy©£fVp Jm'm.¸g { mZfkfmZ0uwshktm  xqt©wx9o.m1gpqlxyuws¯¤(ªRm { mZoxq©©Ohktmgm Gvsvu hkup9s
pq 3hktm0rtstuw©wxyhm { xq©  xyv©wx9o.m h { xysvfV ¡p { l 2 g«4.6t«Jy>7 M
p(s) = L{p(t)} =
∫ ∞
0
p(t)e−st dt
cgulnuw©wx { ©wd<·1m°gm GJstm
wq(s) = L{wq(t)}
xysv
w(x, y, z, s) = L{w(x, y, z, t)} ¤  tmZs¯« { mZoZxy©w©uwsthkvx@h
wq
u£fsert©©x@h
t = 0
«  rtvxqlmZ©  f'hktmp { mZl oxqsDm0· { uhVhkms
w(x, y, 0, s) = s × p(s) × wq(s)
N³ P
µ¥hu£f0fpqlnm.hkulnmZf)m:xqfum { hp { m:xqfpqsR·u hk  xyt©£xqom.¢7h { xysvfV ¡p { lnmZ­¦OrvxqsOhuhuwmZfZ¤9@vp { m¸gxqlnt©m9«¯©wm.hrvf
xqtt©wd+xJp@·1m {
P (t) × q(x, y) ·uh
P (t) =
∫ t
0
p(τ) dτ
µ²sOhkm { x@hkup9s+u£f"fulnt©wdxnlrt© hkuv©u£oxyhuwpqs ed
1/s
ushktm  xqt©wx9o.m0gp9lnxqus3¤cep
P (s) = L{P (t)} =
p(s)/s
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w(x, y, 0, s)/s
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∫ t
0
w(x, y, 0, τ) dτ
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p(t)
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t0
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P (t)
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P (t)
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0
w(x, y, 0, τ) dτ
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a
pqshtmt©wxqstm
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(0, 0, 0)
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P ×H(t) rtsvu  ¡p { ln©wdq¤  vx@h1uwfZ« q(x, y, t) = H(t)×P/(πa2) usvfu£gmhvm gu£f ? «
q(x, y, t) = 0
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∂2wi
∂r2
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1
r
∂wi
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∂2wi
∂z2
=
1
αi
∂wi
∂t
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·uh
r =
√
x2 + y2
xysv
i ∈ {1, 2} ¤3ª%mxytv©d+htm  xyt©£xqomÂh { xqsvfi ¡p { l M
wi(r, z, s) = L{wi(r, z, t)} =
∫ ∞
0
wi(r, z, t)e
−st dt
xqsv+htm  xys ? m©Xh { xysJfi ¡p { l 2 t«J#4`7
Wi(σ, z, s) =
∫ ∞
0
rJ0(σr)wi(r, z, s) dr
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J0
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∂2Wi
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αi
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z = 0, −k1
∂W1
∂z
=
P
πa
J1(σa)
σs
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z = z1, −k1
∂W1
∂z
= −k2
∂W2
∂z
= h1(W1 − W2)
z = z2, −k2
∂W2
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= h2W2
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Wi(σ, z, s) = Ai(σ, s)e
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−Si(σ,s)z
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Si(σ, s)
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√
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s
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A1
«
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e(σ, s) =
k2S2 − h2
k2S2 + h2
e−2(z2−z1)S2
f(σ, s) =
k1S1
h1
+
k1S1
k2S2
× 1 + e
1 − e
g(σ, s) =
f − 1
f + 1
e−2S1z1
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A1 =
P
πak1S1
J1(σa)
σs
× 1
1 − g
B1 =
P
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× g
1 − g
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u£f
W1(σ, 0, s) = A1 + B1 =
P
πak1S1
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× 1 + g
1 − g
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∫ ∞
0
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P
πak1s
∫ ∞
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1 − g(σ, s) dσ
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P
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Φ
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Φ(r, s) = r
∫ ∞
0
σJ0(σr)
S1(σ, s)
× 1 + g(σ, s)
1 − g(σ, s) dσ
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S1(σ, s)
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∫ ∞
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S1(σ, s)
× dσ
hkvx@h"u£fZ«txqf ∫ ∞
0
σJ0(σr)√
σ2+s/α1
dσ = 1r e
−r
√
s/α1
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Φ(r, s) ≈ e−r
√
s/α1 + 2r
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σJ0(σr)
S1(σ, s)(
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dσ
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wdisk(P, a, s) =
∫ a
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Φ(r, s)
s
× P/(πa
2)
2πk1r
2πr dr
=
P
πa2k1
× Ψ(a, s)
s
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Ψ
gm GvsvmZ xqf
Ψ(a, s) =
∫ a
0
Φ(r, s) dr
 fVuwst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Φ
«txqsvJm:oxqrvfVm ∫ a
0 rJ0(σr) dr =
aJ1(σa)
σ
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Ψ(a, s) = a
∫ ∞
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J1(σa)
S1(σ, s)
× 1 + g(σ, s)
1 − g(σ, s) dσ
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·1mÂoZxyshx ? m xqg@xysOhxyqmÂpy \hvmÂm.¸gDpqstmZsOhu£xy©Jhm { l us
g(σ, s)
¤^Âf ∫ ∞
0
J1(σa)√
σ2+s/α1
dσ = 1a
√
α1
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e−a
√
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Ψ(a, s) ≈
√
α1
s
(
1− e−a
√
s/α1
)
+ 2a
∫ 5/z1
0
J1(σa)
S1(σ, s)(
1
g(σ,s) − 1)
dσ
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Ψ
xqf
z1 → ∞
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 rvxqsOhuhid
Ψ
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fpqr { omq¤Z@(uwqr { mÂ0gmZtu£o
hkfx { u99hBh { u£xysvq©wm"fVp9r { omZf,pq \fu£gmZf
a
xysJ
b
tuwfkfVuwvxyhuwstx)rtstu ¡p { l Jp@·1m {
P
«hJx@hu£fZ«
q(x, y, t) = H(t) × P/( 12ab)
uwsvfVu£gmhktm°h { u£xysvq©wmq«
q(x, y, t) = 0
pqrghfVu£gmq¤ ª%m°rvfm
Dpq©£x { o.pep { guwsvx@hkmZf
(r, θ)
«ehx ? uwst0qm { hkm.¸
O
x9fBhktmÂp { uwquws¯¤  d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·1m)pqghxyuws+hktm)hmZlnJm { xyhr { m0x@h"qm { hkm.¸
0
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wtri(P, a, b, s) =
∫∫
Φ(r, s)
s
× q(r, θ)
2πk1r
r dθ dr
=
P/( 12ab)
2πk1s
∫ tan−1(b/a)
0
dθ
∫ a/ cos θ
0
Φ(r, s) dr
=
P
πabk1s
∫ tan−1(b/a)
0
Ψ(a/ cos θ, s) dθ
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hmZlnJm { xyhr { m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hkmlnDm { x@hr { mx@h^x~qm { hkm.¸pq vhvm { m:o
hkxqstq©wm'oxysDmpqghxyuwstmZed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w1W (a, b, s) = wtri(0.5, a, b, s) + wtri(0.5, b, a, s)
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¤  tm hmZlnJm { xyhr { m¬x@h°x%Jp9usOh°py 
opep { gusJx@hm:f
(x, y, 0)
u£f
YZY Ý\[.] ^,_`_
4[ + T'T
wrec(P, a, b, x, y, s) = L{wrec(P, a, b, x, y, t)}
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lnpggmZ©Opq T@(u9r { m4oZxysDm { mGvstmZOd0opqsvfuwtm { ust"hvxyhhktm´hi·1pÂ©£x[dqm { fx { m´gmZ©uwlnu hkmZOd)uwsvfrt©wxyhm:
·'xy©w©£f0x@h
x = ±L/2 xysv y = ±L/2 « L Dmuwst hktm°vx9fVm¢7t©£x@hkmn·uwehk¯¤  x ? uwst¬uwsvfVrv©wxyhmZ%·'xy©w©wfu£fxno.p9llnp9sx9ffrtlnghuwpqs|irvfVhu5GvmZedhvm) ³xqo
h'hkvx@h"tm:x@hmZfkoxqtuwsted+opqseqm:o
hkup9s°h { p9rtqhtm
fu£gmZf'pq hktm)vxqfm.¢¥t©£x@hm)u£f'stm9©uwquwt©wm0o.pqlnvx { m:°hkphvxyh"mZfkoxyvusth { p9rtqhtm)hkpq¬fuwgm9¤
 tm ulnvx9o
h1py \©wxyhm { xq©vuwsvfVrv©wxyhmZn·'xy©w©£f´oxqsJmÂhkx ? msuwsOhpx9oopqrtsOh´edhtm lmhtpgpq ¯ulxqqmZf
2 g«4[7¥¤ @(u9r { mA<nuw©©wrvfVh { x@hkmZf1hvm0 { uwsvout©wmq¤  tm0t©£xystm
z = 0
uwf1hku©wmZ ·uh
L × L fk¦Orvx { mZfZ¤  tmovu¯«Ogu£ffuJx@huwst0Dp@·m {
P
«qu£f´xyh^hvmÂo.mZs9hkm { pq \pqstmpq DhktmÂfk¦Orvx { mZf { m { mZfmsOhkust~hktmÂo.p9tDm { Jxqfm
v©wxyhmq¤µ²lnxqqm:f~x { mJp9usOhfpqr { o.m:f gu£fkfVuwvx@hkusv°hvmnfkxylnmJp@·1m {
P
xqsv­v©wx9o.mZRx@h~htmomsOhm { pq 
m:xqo py 1hvm+pyhktm { f¦Orvx { m:f¤  dRrvfust­xqsus#Gvstuhm°sertlJm { py uwlxyqm:f«·m°o { m:x@hkm°x¬fVdelnlnm.h { d
hkvx@h0lx ? mZfÂhtmvmZx@h Rvrg¸RqmZo.hp { xyh
x = ±L/2 xysv y = ±L/2 vx { xq©©wm©hphvm z ¢²x@¸guwfZ«X·tu£ox9o
hkrvxy©w©dfulrt©£x@hm:f1usvfrt©£x@hkmZ°·'xy©w©£f¤  tm~opqsOh { uwtrghuwpqspy x©wulnuhmZ
L
hphtm hmZlDm { x@hkr { m p9s
hktmotuwu£f
∆w(P, s) = L{∆w(P, t)} = P
2πk1s
∑
(i,j)6=(0,0)
Φ(L
√
i2 + j2, s)
L
√
i2 + j2
N7@ P
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D
w
 (
ke
lv
in
s)
t (seconds)
@uwqr { m M ^xq©rvm~pq 
∆w(1, t)
x9fx ¡rtsvo
hkup9s¬py 
t
¤
µ²s­htmZp { dq«thktmfrtlnlx@hkup9s­lrvfVh DmDm {  ¡p { lnmZ p9s­xys­uws(GvstuhmsertlDm { py ^uwlxyqm:f¤µ²s< { x9o
hkuwom
hktpqrvq¯«OquwqmZshtm~vx { xqlmhm { fBpq   xyt©wm~t«9uh1u£f'fVrt¨oumZsOh´hpo.p9svfVu£gm { uwlxyqm:f´xyh1xtuwfVhkxqsvo.m ©m:ff
hkvxys
40 cm
  { pql htm~otuwN³o
 i¤\@(uwqr { m P.¤  tm"@xy©wrtm
∆w(P, s) = P ×∆w(1, s) lrvfVh´Dm x9tgmZhkpxy©w©Xhtm)hkmlnJm { xyhr { m0sertlDm { f'pqthkxyuwstm:+·uh ¡p { lrv©wx9fuws­cemZo.huwpqsvf'xqsv¬g¤
@(uwqr { mR%fVvp@·"fhtm­@xq©rtm¬pq 
∆w(P, t)
xqfx% ¡rtsvo.huwpqs±pq 
t
 ¡p {
P = 1 W
xqsv xqfkfVrtlnuwst
L =
√
Abp = 7 cm
¤,ÂfoZxysJm)p9vfVm { 9mZ\«Ouhhkx ? mZf1fVmZqm { xq©XfmZopqsvvf^ ¡p { htm)m WXmZo.hpy 3hktm)©uwlnu hkmZ
vmZx@h"fus ? ·uwghhp°fVhkx { huws(RvrtmZsvo.uwsthmZlDm { x@hkr { mq«txysJ+uhhkx ? mZf'lnp { m hvxqs 4~lnuwserghm)hkp { mZx9o
xnfVhm:xqgd+fVhkxyhm9¤  s+hktuwf"m.¸txylnt©wmq«
∆w(1,∞) ≈ 0.3 K/W ¤ª%m~x { mÂstpyhx[·1x { mpq 3xysedo.p9sO9msOhuwpqsJxy©tsvxqlnm" ¡p { ¦OrvxysOhku hid
∆w(1,∞) ¤  x[d9m { 4~ovx { xqo.hm { u£fi¢hkuwoZf N
z1
«
k1
«
h1
P(vx[qm'©wu hh©wmulnvx9o
h^p9s
∆w(1,∞) «O·tuwolnp9fVh©wdovx { x9o
hm { uD8m:f¯hktmtm:x@h´fus ? «y©wu ? m
Rhs
NLo
 i¤'cemZo.huwpqs­g¤	1rgh"rtsv©u ? m
Rhs
«
∆w(1,∞) hx ? mZf'uws9hkp°xqoZo.pqrvs9hstpqh"pqst©wdhktmo.p9svgrvo.hkxqsvo.m
h2
xysJ°hktm0vxqfm.¢¥t©£x@hkm ·u£eh3«vtrghÂxq©wfphtm0vx9fVm¢7v©wxyhm htu£o ? stmZfkfxysvhktm { lxy©¯o.p9svgrvo.huweu hid9¤
   &,n*´	&,2¯#%2
      
@ { p9l cemZo.huwpqsENL;P.«Ou 
wq(x, y, t)
u£fhtm hmZlnJm { xyhr { m { mZfDpqsvfmhpnxDp@·1m {
H(t)q(x, y)
«ehtmZs+hktm
hkmlnDm { x@hr { m { mZfJp9svfVm
w(x, y, t)
hp°xJp@·1m {
p(t)q(x, y)
u£f
w(x, y, t) =
∫ t
0
p(τ)
∂wq
∂t
(x, y, t − τ) dτ
=
∫ t
0
p(t − τ)∂wq
∂t
(x, y, τ) dτ
µ²s vx { hkuwort©£x { «9hktm { mZfJp9svfVm hp°xnopqlnt©wm.¸fu9svxy©
p(t) = H(t) × ei2πft N³·tm { m i = √−1 P1uwf
YZY Ý\[.] ^,_`_
46 +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 0
 0.2
 0.4
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 1.2
 1.4
 1e-06  1e-05  1e-04  0.001  0.01  0.1
ph
i
r (meters)
f=10^6
f=10^5
f=10^4
f=1000
f=100
f=10
f=1
@(u9r { mS6TM ^xy©wrtm)py  |Φ(r, i2πf)| x9fx ¡rtsvo
hkup9s py  r  ¡p { gu5WXm { msOh"@xy©wrtmZf'pq  f N¡uwsvm { h%8P.¤
w(x, y, t) = ei2πft
∫ t
0
e−i2πfτ
∂wq
∂t
(x, y, τ) dτ
 f
t → ∞ «ehktmfihkmZx9gdO¢¥fVhkxyhm)JmZvx[eup { uwf
w(x, y, t) ∼ ei2πft ×F(f) NL9P
·vm { m F(f) u£fxno.pqlnt©wm.¸sOrvlDm { uwsvgmZJmZsvgmsOh"pq 3huwlnm
F(f) = L{∂wq
∂t
}(x, y, i2πf)
= i2πf × wq(x, y, i2πf)
NL<;P
 m©£x@huwpqs NL9PfVtp@·"f´hJx@h'htm hmZlnJm { xyhr { m { mZfDpqsvfmÂhkpxfuservfpqu£Dp@·m { opqseqm { 9mZf,hkpxfuserg¢
fpqu£ N hktm { mZxq©xqsv¬uwlnxqquwsvx { d+Jx { hkfpq 
w(x, y, t)
o.pqse9m { qm { m:fVDmZo.huwqmZ©dhp+htm { mZxq©3xysJ¬ulxqy¢
uwsvx { d­Jx { hkf0pq 
ei2πft × F(f) P
¤  tmlnpggrt©wrvfpq  F(f) u£f)hvm+xylnt©wu hkrvgmpq 1hktmnhmZlnJm { xyhr { mpOfou©w©£x@huwpqs3¤
µ²s­pqhtm { ·1p { tfZ«vu 
wq(x, y, s)
u£fhktm  xyt©£xqom0h { xysJfi ¡p { l py BhvmhmZlnJm { xyhr { m { mZfJp9svfVmhp+x
fVhmZ<Dp@·m {
H(t) × q(x, y) «¯hktmfVhm:xqgdO¢²fihx@hkm  { mZ¦OrtmZsvo.d { mZfJp9svfmoxqs<DmnpqghxyuwstmZ<Od­fm.hhuwst
s = i2πf
uws
s × wq(x, y, s)
¤ @tp { m.¸txylnt©wmq«1  { pql N4Z P
«htm<xqlnt©uhrJgm¬py ~htm hkmlnDm { x@hr { m
pOfou©w©£x@huwpqsqmZstm { x@hkmZOdxDpquwsOhÂfVp9r { o.m)guwfkfuvxyhuwstxJp@·1m {
P × H(t)ei2πft uwf
|i2πf × w1(r, 0, i2πf)| =
P
2πk1r
× |Φ(r, i2πf)| NL9P
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@(uwqr { m"6ftp@·"f,hktmÂ@xq©rtmÂpy  |Φ(r, i2πf)| xqfx) ¡rtsvo.huwpqs°pq  r  ¡p { gu5WXm { msOh´@xy©wrtmZf´py  f N¡uws°tm { h,8P.¤ foZxys§Dmpqvfm { qm:\«( ¡p { x­quwqmZs   { m:¦Ortmsvod
f
«,htm { mm.¸guwfVhkfx­@xq©rtmpy 
r
Dmd9pqsv·vuwo`htm
hkmlnDm { x@hr { m1p9fko.uw©©£x@hkup9su£f { x9o
hu£oxq©©wd0sert©w©L¤:@tp { m¸gxqlnt©m9«yuws @(u9r { m36v«[  { m:¦9rvmsvoum:f { m:x@hkm { hvxqs
1000 Hz
x { m)Gv©hm { m:­pqrth)xyh~xguwfVhkxqsvo.m { mZxyhm { hvxqs
1 mm
  { pqlhktmDpquwsOh)fpqr { omq¤)o
hrJxy©w©d9«
 ¡p {
f > 100 Hz
«9htmSG { fVh1hkm { l uws N 4:;P1gpqlnuwsvx@hkmZfZ«txysv·1m~Jx[qm
|Φ(r, i2πf)| ≈ e−r
√
πf/α1
N7&6;P
·vuwoRuwf~hktmn[xq©rvmnop {k{ m:fVDpqsJgusv°hp
z1 = ∞
¤  tmhkmlnJm { xyhr { mp9fko.uw©©£x@hkup9sRgm:o { mZxqfmZf m.¸gDpy¢
svmsOhu£xy©w©d·uh­hktmtuwfVhkxqsvo.m  { p9l hktmfpqr { omq¤"µ²sR { x9o
hkuwomq«J ¡p {
r > 10
√
α1/(πf)
«Xuh~u£f~xy©wlpOfih
svpqstm¸eu£fVhmsOh:¤
       	        	   	  
µ²s x§lnuwo { p9 { peomZfkfVp { «x`Jm { uwpgguwo<Jp@·1m { uwflnp { m<©wu ? m©wdhp { mZfmlt©wm<x`fk¦Orvx { m­·'x[qm¬hkvxys=x
fuwsOrJfVp9uw\¤ "mZsvo.m)uh1u£f'uws9hkm { mZfVhuwsthkpfVhrJgdhvm~oZxqfm pq xDp@·1m { hvxyh1u£f1Jm { uwpgguwoZxy©w©dp9sxqsv°pW(¤
 m.hrvfo.pqsJfVu£gm { x Dp@·1m { gmZsvfVuhid<lxq
q(x, y)
«,xqsv
wq(x, y, t)
htmnhkmlnJm { xyhr { m { mZfJp9svfVm
hkp°xfihkm Dp@·m {
q(x, y)H(t)
¤´ª%mo.p9svfVu£gm { htm) ¡p9©©wp@·usvhkulnm¢7@x { deusvDp@·1m { py ,Dm { upg
τ
xysv
trghid ³xqo.hp {
γ ∈ [0, 1] M
q(x, y, t) = q(x, y)
∑
n≥0
(
H(t − nτ) − H(t − nτ − γτ)
)
 Jx@h"u£f«gDp@·m { uwfÂfVrvoZo.m:ffu9m©wdpqs xysvpW­ ¡p {
γτ
xqsv
(1 − γ)τ { mZfJm:o
huwqmZ©d9¤BªRmtmstpqhm wo(t)hktm hmZlnJm { xyhr { m¬x@hJp9usOh
O(xo, yo, 0)
xqfx { mZfJp9svfmhkp
q(x, y, t)
¤  mZfJp9svfVm
wo(t)
oxqs Jm
opqlntrghkmZ xqf1hktmfrtl pq hktm { mZfJp9svfVm~hkp°xfihkm Jp@·1m {
γq(x, y)H(t)
xysvhvm { m:fVDpqsJfVm~hpnhktm
pOfou©w©£x@huwstvx { hpy 
q(x, y, t)
gmGvstmZ x9f
q̃(x, y, t) = q(x, y, t) − γq(x, y)H(t)
= q(x, y)
∑
n≥0
(
(1 − γ)H(t − nτ) + γH(t − (n + 1)τ) − H(t − (n + γ)τ)
)
ª%mgmsvpyhm
w̃o(t)
htmopqsOh { uvrghuwpqs%py 
q̃(x, y, t)
hp
wo(t)
¤nµ¥hftpqrv©wRJmnstpqhm:<hkvx@h)hktmnhuwlnm.¢
x[9m { xy9m´py 
q̃(x, y, t)
p@qm { Jm { uwpg
τ
u£fBsert©©7«9fp~htm'hkulnm¢¥x[9m { xyqmpy 
w̃o(t)
Jm:o.p9lm:fBsert©w©vxqf
t → ∞N7cemZo.huwpqs¬;P.¤\@ { pql hktmfVrvJm { Dp9fu hkup9s { uwsvo.uwt©wmq«t·1m)vx[qm
w̃o(t) =
∑
n≥0
(
(1−γ)wq(xo, yo, t−nτ)+γwq(xo, yo, t−(n+1)τ)−wq(xo, yo, t−(n+γ)τ)
) N7&B;P
@ { p9l @(uwqr { m"6v«9u 
τ
u£f^©wmZfkf^hkvxys
1 ms
N¡u7¤ m9¤«9htm p9fko.uw©©£x@hkup9sn  { m:¦Ortmsvodu£f { mZx@hkm { hkvxysH4Zq9  8P.«
·1moZxys¬ { xqo.hu£oxy©w©wdo.p9svfuwgm { hkvx@hÂp9st©wd+hktmDp@·m { fpqr { o.m:f"x@h)x°gu£fihxysvom©m:ff"hvxqs
1 mm
  { p9l
DpquwsOh
O
opqsOh { uwtrghm~hkp
w̃o(t)
¤
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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 m.h rJf x9ffrtlnm0hJx@h Dp@·1m { gmZsvfu hid
q(x, y)
u£f"rvstu  ¡p { l xqsv mZ¦Orvxq©3hkp
qo
usRx+gu£f ? py  { xqturvf
1 mm
o.msOhkm { mZ§p9s
O
¤  tm  { m:¦9rvmsvod { m:fVDpqsvfm+u£fn { xqo.hu£oxy©w©wdRhkvx@hp9ghkxqustm:§·uh
z1 = ∞N7cemZo.huwpqsX6t¤D4P.¤,cgp0usn ¡p { lrt©wx9N7&B;P.«q·1m"oxqsnxqt { p[¸gulx@hkm
wq(xo, yo, t)
·uhm¸g { m:ffuwpqsNLq;P¤,ªRm
p9ghkxqus
w̃o(t) ≈
2qo
k1
√
α1
π
(
(1 − γ)
bt/τc∑
n=0
√
t − nτ + γ
bt/τc−1∑
n=0
√
t − (n + 1)τ −
bt/τ−γc∑
n=0
√
t − (n + γ)τ
)
 vm~lxy¸euwlrvl py htm0pOfou©w©£x@huwpqspgoor { f'xyhhuwlm:f
t = (m + γ)τ
«
m
DmuwstnusOhkmqm { M
w̃o((m + γ)τ) ≈
2qo
k1
√
α1
π
(
(1 − γ)
m∑
n=0
√
(m + γ − n)τ + γ
m−1∑
n=0
√
(m + γ − n − 1)τ
−
m∑
n=0
√
(m − n)τ
)
=
2qo
k1
√
α1τ
π
(
(1 − γ)√γ +
m∑
n=1
[(1 − γ)√n + γ + γ
√
n + γ − 1 −
√
n]
)
 x ? uwst
m → ∞ «v·m)pqthkxyuws
∞∑
n=1
[(1 − γ)√n + γ + γ
√
n + γ − 1 −
√
n] =
(1 − γ)
√
1 + γ + γ
√
γ − 1 +
∞∑
n=2
√
n
[
(1 − γ)
√
1 +
γ
n
+ γ
√
1 − 1 − γ
n
− 1
]
 fVuwstÂhtm  x[de©wp { fVm { uwmZf(xyt { p[¸guwlnxyhuwpqs √
1 + x ≈ 1+ x2 − x
2
8
«[htm1uws(Gvstuhm'fVrvluwf,xyv { p[¸guwlx@hmZ©d
−γ(1− γ)
8
∞∑
n=2
1
n
√
n
≈ −γ(1 − γ)
8
× 1.6124
cgp
w̃o((m + γ)τ) ≈
2qo
k1
√
α1τ
π
(√
γ + (1 − γ)
√
1 + γ − 1 − γ(1 − γ)
8
× 1.6124
)
fuwlv©m { xyt { p[¸gulxyhuwpqs°u£f
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w̃o((m + γ)τ) ≈
2qo
k1
√
α1τ
π
√
γ(1 − γ)(1 −√γ) N³9;P
 vm~lnuwstuwlrtlpy htm0pOfou©w©wxyhuwpqsoxys Dm) ¡pqrtsJ+edxnfulnuw©wx { o.p9lvrghkxyhuwpqs¯¤BÂf
m → ∞ «
w̃o(mτ) ≈
2qo
k1
√
α1τ
π
(
1 − γ −
√
1 − γ − γ(1 − γ)
8
∞∑
n=2
1
n
√
n
)
·vuwouwfÂxsvm9xyhuwqm~sertlDm { ¤  tm0xylnt©wu hkrvgm0pq hktm0p9fko.uw©©£x@hkup9sx9f
m → ∞ u£f
w̃o((m + γ)τ) − w̃o(mτ) ≈
2qo
k1
√
α1τ
π
(√
γ + (1 − γ)
√
1 + γ − 2 + γ +
√
1 − γ
)
 { pqrvqtm { xqt { p[¸euwlx@hkup9s+u£f
w̃o((m + γ)τ) − w̃o(mτ) ≈
2qo
k1
√
α1τ
π
√
γ(1 − γ) N³#4>P
   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@vp { lrt©£xqfuws { mZOuwpqrJf1fmZo.huwpqsvf'oZxysJm)rvfmZ+hp { mZxqfpqsxyDpqrgh'hmZlnJm { xyhr { m)uslnuwo { p9 { pgomZfkfVp { fZ¤
 vmd­oxqsRxq©wfpDmnulnt©wmlnmZs9hkmZRus xJm {  ¡p { lxysJo.m[¶@Jp@·1m { lnuwo { pOx { otu hkmZo.hr { mfulrt©wxyhp { ¤  vuwf
fmZo.huwpqs { p@Ou£gm:f´hi·1pnm.¸txylnt©wmZf'uw©w©rvfVh { x@hkusvhktmZfm)JpOffuwt©m)rvfmZfZ¤
     	  
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 m.hrvfopqsvfu£gm { x¬ { pgo.mZfkfp { ·uh
N
o.p { m:fsertlDm { mZ  { p9l
1
hp
N
¤Rª%mx9ffrtlnmhkvx@hnmZx9o
op { m
i
guwfkfuvxyhm:fx%rtsvu  ¡p { l hkulnm¢¥x[9m { xyqm+Jp@·1m {
Pi
¤ @tp { fVuwlnt©u£o.uhidq«·m stmZq©wmZo.hhktm Jp@·1m {
tuwfkfVuwvxyhmZ+pqrghfVu£gm)o.p { m:f«Omq¤ v¤w«gfVvx { m:°ox9otmZf1xysJ°trvfmZfZ¤\@ { pql hktm  { uwsvo.uwt©wm pq frtJm { Dp9fuhuwpqs¯«
hktmfVhmZx9gdO¢¥fVhkxyhm huwlnm.¢²x[qm { xy9m { m©£x@hku9mÂhkmlnJm { xyhr { m
wi
us¬op { m
i
uwf
wi =
N∑
j=1
Pj × wij
NL9P
·vm { m
wij > 0
u£fhvmfihkmZx9gdO¢¥fVhkxyhm { m©£x@huwqm~hkmlnJm { xyhr { muws­o.p { m
i
Jm { ·'x@hVh"9mstm { xyhm:uws­o.p { m
j
¤
µ¥ ´op { mZf
i
xysJ
j
«
i 6= j «Dx { m0svpyhÂhkpep+o.©wp9fm0hp+mZxqo¬pqhtm { « wij oxys¬Dmxqt { p[¸gulx@hkmZ xqf"htmhkmlnDm { x@hr { m9mstm { xyhmZRedRx DpquwsOhfVp9r { o.mnqmZstm { x@hkust 4·'x@hhxysv%©wpeoZx@hkmZ%us§op { m
j
¤ "mZsvo.m
  { pql hvmÂ { usJo.uwt©m py  { mZo.uw { pgo.uhid ¡p { Dpquws9h'fVp9r { o.mZf"N³fmm ÂtDmsvgu¸°P.«O·1m"vx[9mÂxyv { p[¸guwlx@hmZ©d
wij = wji
«tuL¤ mq¤w«tlx@h { u¸
(wij)
u£ffVdelnlnm.h { u£oy¤
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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 m.h"rvf"xqtt©wd+xrtstu ¡p { l Dp@·m {
Pi = P/N
«t·uh
P
htm)hkpyhxy©\Dp@·m { ¤  m©£x@hkup9s N³9;PdOuwm©£
wi =
P
N
×
N∑
j=1
wij
ª%mfkx[dnhvxyhÂo.p { mZf'x { m 
 #$`9&*   '( D 
 u  
wii
xysvhvmfVrtl
Rja =
1
N
N∑
j=1
wij =
1
N
N∑
j=1
wji
tpsvpyhÂgmZJmZsvpqs
i
¤Bµ²shvuwf"oZxqfm
wi = P × Rja
NLq;P
 rJxysOhuhid
Rja
«,lnmZx9fVr { mZ%uws ? mZ©euwsvf
¶[·'x@hVh:«u£fopqlnlnpqst©wd oxy©w©wmZ '(
   
  & 
T
S
 T $`X
$,`/` /`
 & ¤  tm { lxy©Bm:¦Ortu@xq©mZsvo.mpq 'op { mZf)uwlv©uwmZfhvxyh·tms hktm°fxqlnmJp@·1m { u£fxyvt©uwmZ%p9s
m:xqoop { mq«[hktmd0vx[9m^hktmfxqlmhmZlnJm { xyhr { mq¤µ¥hBxq©wfpÂuwlnt©wum:f3hkvx@h^xq©©Ohvm { p@·"f¯pq vhktm1fdelnlmh { uwo
lxyh { u ¸
(wij)
x { mpqthkxyuwstm:­ed­x°Dm { lrghx@hkup9s<pqs­htmOG { fih { p@·0¤ Âmsvomhktm
N
@xy©wrtmZf
w1j
x { m
frg¨°o.uwmsOh'hpp9ghkxqushvmfihkmZxqtd9¢²fVhkx@hkmÂhkmlnDm { x@hr { m)pqs m:xqoop { mq¤
µ¥h´ftpqrv©wDmstpyhkmZhvxyh { mZ©wxyhuwpqsCN³q P,oxqsDmqmZstm { xy©wu58ZmZhp0x)stp9sg¢7rvstu  ¡p { l Jp@·1m {  { p@euwgm:
·1m0o.p9svfVu£gm { hktmfvx@hkuwxq© ¢²x[qm { xqqmhkmlnJm { xyhr { m0gm GJstmZ xqf
wavg =
1
N
N∑
i=1
wi
@ { p9l N³OP«v·m)vx[9m
wavg =
N∑
j=1
Pj
1
N
N∑
i=1
wij = P × Rja
NLy P
·vm { m
P =
∑N
j=1 Pj
uwf1hktm)hpqhkxq©\Jp@·1m { ¤
µ¥ 3Dp@·1m { u£f´svpqsg¢¥rtstu ¡p { l hktpqrvq¯«OhmZlnJm { xyhr { m"u£f´stp9sg¢¥rtstu ¡p { l x9f^·1m©w©L¤  tm Jm:x ? hmZlDm { x@¢
hkr { m~u£ftuwqvm { hvxqshtmfvx@hkuwxq© ¢²x[qm { xqqm'hkmlnJm { xyhr { mq¤^ Dp9fkfut©wm0fVp9©rthuwpqs ¡p { lnusvulnuD8uwstnhtm
DmZx ? hmlnDm { x@hkr { m uwf´hplnu { xyhmhk { m:xqtf1fp0hvxyh1m:xqo+op { mfVmZmZf	"xq©©Jh { m:xqtf´Jm { uwpgguwoZxy©w©d9¤\@tp {
m¸txylnt©wmq«vDm { uwpetuwoZxy©w©d9«v·1moxys¬lnuw { x@hkmxy©w©¯h { m:xqtf"xyhÂpqsJo.m0uws­x°o.u { ort©£x {  ³x9fVtuwpqs Mhtmh { mZx9
hkvx@h)·'xqf { rtstsvustpqsRo.p { m 4qpemZfÂhpo.p { mng«Dhtmh { m:xq¬ { meuwpqrvf©wdp9sRo.p { m°9pOm:fhkpop { mt«
xqsvfVpnpqs3¤
µ¥ '·mnlnuw { x@hm  { mZ¦OrtmZs9hk©d<mstp9rtq¯«¯htmxylnt©wuhrvgmpq hktmhmZlDm { x@hkr { mpOfou©w©£x@huwpqs%pqs%mZx9o
op { mu£f"stmZq©wu9ut©wm NLo
 i¤0cemZo.huwpqsH6 Pxysv¬hmlnDm { x@hkr { muwf xy©w·1x[dgf"o©pOfVmhp+uhkfÂhuwlnm.¢²x[qm { xqqm)@xy©wrtmq¤
  { m:xqluw { x@hkup9svf1lx ? m~Dp@·m { «gtmZsvo.m~hkmlnJm { xyhr { mq«grvstu  ¡p { l ¤
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2 cm
3 mm
4
2
3
1
@(u9r { mABTM   "!5O  $%O ( !  $,`/  //`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
I 	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 º L  mhrvf0o.p9svfuwgm { htmq¢¥op { movugmZtuwo.hm:Ruws @(u9r { mXBv«3·tm { mnmZx9o
op { mnuwf)lnpggm©wmZx9f0x
3mm
¢²fVu£gmf¦Orvx { mgu£fkfVuwvx@hkusv x rvstu  ¡p { lÁJp@·1m { ¤ ~u9ms%hvm°vx { xylnmhm {
@xq©rtm:f'us  xyt©wmg«txqsvrvfVuwstX@tp { lrt©£xN4.<;P.«t·1m~p9ghkxqus N³o. i¤´cemZo.huwpqs+<t¤ÒP
w11 ≈ 2.63 K/W
w12 ≈ 0.44 K/W
w13 ≈ 0.42 K/W
w14 = w12
Rja =
1
4
∑
j
w1j ≈ 0.98 K/W
µ¥hftp9rt©wRDmstpyhkmZRhvxyh@xy©wrtmZf
wij
hx ? muwsOhp¬xqoZo.p9rtsOh~hktm°o.p9sOh { utrthuwpqs
∆w(1,∞)   { pql hktmGJstu hkm0tmZxyh"fVuws ? ·u£ehk¯«t·tu£ou£f
0.3 K/W
tm { mXN³o. i¤´cemZo.huwpqs<&P.¤
À xyh { u ¸
(wij)
uwf


w11 w12 w13 w14
w12 w11 w14 w13
w13 w14 w11 w12
w14 w13 w12 w11


@vp { m.¸txylnt©wmq«q©mh,opqsvfuwtm { Âhk { m:xqtfZ«[hi·1pÂpy D·tu£ogu£ffuwvx@hkm
20 W
xysvhtm1hi·1pÂpyhktm { f(guwfkfuvxyhm
10 W
¤A@tp { uwsvfVhkxysJo.mq«\·1mnoxysRtrgh~htmnlnp9fVh0guwfkfuvxyhuwsth { mZx9tfÂp9sRop { mZf 4xqsv<v¤0µ¥ ´h { m:xqtf
? mmZm¸em:o.rghkusvp9s Gv¸em: o.p { mZfZ«e·m)p9ghkxqushvm) ¡pq©w©p@·uwsthmlnDm { x@hkr { m:fSM


w1
w2
w3
w4

 =


w11 w12 w13 w14
w12 w11 w14 w13
w13 w14 w11 w12
w14 w13 w12 w11

 ×


20
10
20
10

 =


69.8
48.1
69.8
48.1


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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 vm)hmlnDm { x@hkr { m0gu5WXm { msvom~Dm.hi·1mmZs tpyhÂxqsvopq©£ o.p { mZf1m¸gomm:tf
20 K
pqshvuwfm¸txylnt©wmq¤  tm
fvxyhu£xy©¢¥x[9m { xyqm { m©£x@hku9mhmlnDm { x@hkr { m u£f
(69.8 × 2 + 48.1 × 2)/4 ≈ 59 K ¤ @ { pql NLy P.«1xqsvx9ffrtlnuwsthvmDp@·m { o.p9svfVrvlm:¬edlnuw { x@hkup9svf" { uwst9f xstm9©uwquwt©wm0hmZlnJm { xyhr { mopqsOh { uvrghuwpqs¯«
59 K
uwf"htm©p@·1mZfVh"Jm:x ? hmZlDm { x@hkr { m0·moZxys­x9otumZqm0ed+lnuw { x@hkustnhk { mZxqvf¤  vxyhÂuwfZ«thk { mZxq
lnuw { x@hkup9sgm:o { mZxqfmZfhkmlnJm { xyhr { m)ed+xqf'lrvo¬xqf
69.8 − 59 = 10.8 K ¤ tm { m:xqfpqstuwst)xyDp@qm'uwfB ¡p { hktmhuwlnm.¢²x[qm { xqqm1Jp@·1m { xqsvhuwlm¢¥x[9m { xy9m^hmZlnJm { xyhr { mq¤(ª±tms
lnuw { x@hkusthk { m:xqtfZ«g·1m0vx[qm0xhmZlDm { x@hkr { m0p9fko.uw©©£x@hkup9s¯¤BªRm0·'xysOhhktmxylnt©wu hkrvgmpq hktu£fp9fko.uw© ¢
©£x@hkup9s+hkpnJm0lrvo¬fVlxy©w©wm { hvxqshtm0DpyhkmsOhu£xy©XhkmlnJm { xyhr { m0gmZo { m:xqfm)py 
10.8 K
¤
 x9o°o.p { m fVmZmZf	'opqsvfmZorghuwqmZ©dxysvnDm { upggu£oxq©©wd
20 W
xqsv
10 W
¤  tmhkulnm.¢¥@x { deust0Dp@·1m {
u£fnx f¦Orvx { m¢7·'x[qm·tpOfVmDm { upg
τ
u£fhi·uwomhktmhuwlnmDm.hi·1mmZsopqsvfmZorghuwqmlnu { xyhuwpqsvfZ¤  tm
hkmlnDm { x@hr { mnp9fko.uw©w©wxyhuwpqs<p9s%x op { m
i
uwf0xq©lnp9fVho.p9lv©mhm©wd<gmhm { lnuwstmZ%ed¬hvmJp@·1m { gmZsvfVuhid
pOfou©w©£x@huwpqspqs o.p { m
i
«txqfgu£fVhkxysOh"Dp@·m { p9fko.uw©©£x@hkup9svf'x { mGJ© hkm { mZpqrgh NLo
 i¤´cem:o
huwpqs+6v¤54>P
¤
 tmDp@·m { gmZsvfu hid qmZstm { x@hkmZ¬edhvm
20 W
h { mZx9tfÂu£f
qhigh = 20/9 = 2.2 W/mm
2 ¤  tmDp@·1m { gmZsvfVuhid%qmsvm { x@hm:<ed<htm
10 W
hk { mZxqvf0uwf
qlow = 10/9 = 1.1 W/mm
2 ¤ª%m+oxqs rvfVm ¡p { lrt©£x+N³q P'·uh
qo = qhigh − qlow = 1.1 W/mm2
xysv
γ = 0.5
¤'ªRm·1xqsOh
w̃o((m + γ)τ)
hp
Dm0lrJoflxy©w©m { hvxqs
10.8 K
«e©mh"rvffkx[d+fVlxq©©wm { hJxys
0.5 K
¤(ªRmSGJsv
τ <
π
α1
( k1 × 0.5
2qo
√
γ(1 − γ)(1 −√γ)
)2
≈ 370 µs
Âmsvom~htm0lnuw { x@huwpqsuws9hkm { @xy©¯ftpqrt©£Jm
185 µs
p { ©wmZfkf¤
     	   	 	        	     
	   
   
 vm Dm {  ¡p { lxysvom pq xhmlnDm { x@hkr { m¢¥opqsvfVh { xyuwstm:n { pgomZfkfVp { gmZJmZsvtf'pqshvm hkmlnDm { x@hr { m~lnmZx@¢
fr { mZf,9u9msOdhtmuwsOhmZ { x@hm:hktm { lxy©vfmsJfVp { fZ«yxqf(hktm { lxy©vfmsvfp { fh { u9qm { x9o
hkup9svf,hJx@h^uwlJxqo
h
Dp@·1m { o.p9svfVrvlthuwpqs¯¤
z m {  ¡p { lxysvom[¶@Jp@·1m { lu£o { p9x { ovu hkmZo
hkr { mfulrt©wxyhp { f~qmZstm { xy©w©wdlnpggmZ©BJp@·1m { x@h)hktmn©mZqm©Bpq 
lnu£o { p9x { otuhm:o
hkr { xq©,rtstuhkfZ¤C@(uwqr { m+4Z¬ftp@·"fx¬otuw ©wx[d9pqrghuwsvftu { m:<  { pql htm+µ  À z p@·1m {kz }
Be@;@ «,·tm { m·1m¬fVvp@· htm lxyuwsrtstuhkfZ¤  xqo ? uwst­ ¡r { hvm { uwsg ¡p { lx@huwpqs3«´·1mlnpggm©rvstu hf°xqf
{ mZo.hkxqstq©wm.¢²fVJxyDmZ { m9up9svf·u hk­xrvstu  ¡p { l Jp@·1m { gmZsvfu hid9¤
 m.hrvf'xqfkfVrvlmÂhvxyh·m~vx[qm
N
{ mZo.hkxysvq©wmZf^sertlJm { m:  { pql
1
hp
N
¤  mZo.hkxqstq©wm
i
gu£fkfVuwvx@hkmZf
xrtsvu  ¡p { l Dp@·1m { gmZsvfVuhid
qi(t)
¤Bµ¥hkf"x { m:xu£f
Ai
¤  tm)hkpyhxy©\Dp@·m { uwf
P (t) =
N∑
i=1
Ai × qi(t)
 m.h°rvfxqfkfVrvlmhkvx@h+·1m¬vx[9m x`fVuwstq©wmhtm { lxq©ÂfVmZsvfp { ©wpgox@hkmZuws { mZo.hkxqstq©wm
1
N hktuwfgu£forvfi¢
fuwpqs§o.p9rt©£ Jmqmsvm { xy©wu58ZmZ<hp<lrt©huwt©mfVmZsvfp { f,P.¤ª%mgmZstpyhkm
wi(t)
hktm { m©£x@huwqmnhkmlnDm { x@hr { m
9mstm { xyhm:<x@h)hktm°fVmZsvfp { ·tms ·1mxytt©wd
1 W/mm2
us { mZo.hkxysvq©wm
i
¤X@ { pql frtDm { JpOfVuhuwpqs xysJ
 rtvxqlnm© f1hktmp { mZl N³ P.«ehktm { mZ©wxyhuwqm~hmZlnJm { xyhr { m
w(t)
xyh1hktmfmsvfp { u£f
Y
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instruction
sequencing
0
0 1.5 9.42.1 3 4.3 4.4 5.7 7.6
1.6
1.9
2.3
3
4.4
5.1
5.7
6.2
7.1
0
0
0
0
0.1 (0.3)
2 (13.3)
1.5 (3.8)
0.6
1.5 (5.6)
1 (1.8)
1 (2.1)
1 (2.5)
1 (6.1)0.5 (3.4)0.1 (0.8)
L2 cache L1 d−cache
L1 i−cache
load/store unit
i−fetch unit
dispatch unit
floating point unit
fixed point unit
SIMD/vector
@(uwqr { mX4ZTM    & !-5X O ( !Q5&'(
 3
   X$% 
 #        $   	
 A'( 
 $/  
 #

 ,! -D
A  
 T   &'($% $% !$% / 
S$%&*&
  / *
mm
A'( 
 $/9* ;  $% && $, !-$%`/T

 $%&;\!#  $ #/`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W/mm2
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*
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w(t) =
N∑
i=1
∫ t
0
qi(τ)
dwi
dt
(t − τ) dτ N³OP
µ²s { xqo
hkuwomq«eDp@·m { lnpggm©£f1·p {%? ·uhx Gt¸gmZ°huwlnm.¢²fihkm
∆t
¤  vxyh1u£fhpnfx[d9«q ¡p { xysednusOhmZqm {
n
«
Dp@·1m { gmZsvfVuhid
qi(t)
uwf xqfkfVrvlm: o.pqsJfihxysOhÂxysvm:¦9rJxy©\hkp
qi(n∆t)
Dm.hi·1mms
n∆t
xysJ
(n + 1)∆t
¤
@ { p9l N³OP«v·m)qmh
w(mt) =
N∑
i=1
m−1∑
n=0
qi(n∆t) × [wi((m − n)∆t) − wi((m − n − 1)∆t)]
N³< P
 ¡p { xqsed~uwsOhmZqm {
m
¤Z@tp { lrt©£x N³;<;P3oxysJm'uws9hkm { xyhmZ)uwsxÂJm {  ¡p { lxqsvo.m@¶[Dp@·m { lnuwo { pOx { otu hkmZo.hr { m
fuwlrt©£x@hkp { ¤^xy©wrtmZf
wi(n∆t)
x { m0opqlntrghkmZ ·uh N 4<;P'xqsv NL@ P'xysv¬oZxys Dmfihkp { mZus­xqs¬x {k{ x[d
hkpx[9pqu£ { m:o.pqlntrthuwsthktml fmqm { xq©thkulnmZfZ¤ À p { mp@9m { «yuh1u£f1stpyh1stmZomZfkfx { dhprvfVmON 4<;P^xqsvN7@ P
 ¡p { xy©w©v@xq©rtm:fBpy 
n
¤,ª%mÂoxqs°o.pqlntrthm
wi(t)
 ¡p { x~ ¡m·hmZsvfpy XJp9usOhkfZ«exysvnDm {  ¡p { l x0Dpq©wdestpqlnu£xy©
uwsOhm { Dpq©£x@hkup9s¯«e·tuwo u£f1 ³xqfVhm { ¤
1hmqm { dRhuwlnm.¢²fihkm¯«,·1mopqlntrghkm°hvm°hmZlnJm { xyhr { m°vx9fVm: pqsvx9fihJp@·1m { mZqmZs9hf¤<µ²shtm
9mstm { xq©DoZxqfmq«e·1m)oZxystsvpyh'rvfVmS@:@  ¢7vx9fVm:opqseqp9©rthuwpqshkpfJmZmZe¢¥rt N³;<;P
«gDmZoZxyrvfm~Jp@·1m { m9msOhkf
uwsxhvm { lnxq©©wdO¢¥opqsvfVh { xyuwstm: { pgo.m:ffp { lx[d°gmDmsv+pqs+hmlnDm { x@hkr { m9«gxqfus+htm)m.¸txqlv©m JmZ©p@·0¤
Âp@·mZqm { «\uws% { x9o
hu£o.m9«3uhuwf)Dp9fkfut©wmnhp¬gm:o { mZx9fVmhtm+sOrvlDm { py 'm9msOhkf)·uh ©wu hh©wm©pOff)pq 
x9oor { x9o.d9¤Z@tp { m¸txylnt©wmq«eu  
qi(t)
uwf1xyt { p[¸guwlnxyhmZ©dno.p9svfihxysOh´ ¡p { fm9m { xy©Do.pqsJfVm:o.rghku9m"huwlnm.¢²fihkmvfZ«
uh"u£f'JpOffuv©m~hp°tm Gvstmxnfusvq©wm~Dp@·1m { m9msOh"fVvxqststuwsthtm:fVm)hkulnm¢¥fVhmZvf¤
Â©wfpv«u h0u£f0JpOffuwt©mhkplnm { 9mDp@·m { mqmZsOhkf~hJx@hx { m { mZlpqhmnuws<hkulnmp { uwsfVvx9o.m9¤  m.h0rvf
x9ffrtlnm~hvxyh' ¡p {
n ∈ [n1, n2]
« dwi
dt ((m − n)∆t)
u£fxyv { p[¸guwlx@hmZ©d°opqsvfVhkxqsOhZ¤  tms
n2−1∑
n=n1
qi(n∆t) × [wi((m − n)∆t) − wi((m − n − 1)∆t)] ≈
wi((m − n1)∆t) − wi((m − n2)∆t)
n2 − n1
n2−1∑
n=n1
qi(n∆t)
N³e&P
}p9svfmZ¦OrtmsOhk©d9«(·1moZxys`tm Gvstmx<fusvq©wm+Dp@·m { m9msOh  { pql
n1∆t
hkp
n2∆t
·tp9fm°@xy©wrtm+u£fhtm
hkulnm¢¥x[9m { xyqmÂJp@·1m { gmZsvfu hid
1
n2 − n1
n2−1∑
n=n1
qi(n∆t)
µ²s` { x9o
hkuwomq«Bx@  hkm { x<o.m { hxyuws huwlnmq«,hvmfmZopqsvgm { uw@x@hku9m°py hktm { mZfDpqsvfm
wi(t)
gm:o { mZxqfmZfus
xqvfpq©wrghm)@xy©wrtmq¤	Âmsvom) ¡p { x Gt¸gm:
n2
«vxysJx9f
m
uwsvo { mZx9fVm:f«
n1
oZxysJm)hx ? mZsflxy©w©m { ¤  Jx@h"u£f«
x9f'huwlnmuwsvo { mZx9fVm:f«vu hÂu£f"Dp9fkfut©wm0hkp°lnm { qmx©£x { qm { sOrvlDm { pq BvxqfVhÂm9msOhkfZ¤  tu£fÂoxqs¬Jmgpqstm
 { p9 { mZfkfVuwqmZ©d9«Oedo.pqlnvx { uwsthvm0[xq©rvmpy 
[wi((m − n1 − 1)∆t) − wi((m − n1)∆t)]
·uh hkvx@h
pq 
[wi((m − n1)∆t) − wi((m − n2)∆t)]/(n2 − n1)
¤
Y
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 24
 26
 28
 30
 32
 34
 36
 38
 40
 0.01  0.1  1  10  100  1000
w
at
ts
seconds
@(uwqr { m944;M    $  //` !#&
 C>/  '(- 
 E
*X 
Â©wfpv«,·tmZs§x Jp@·1m { fpqr { omuwf { mZlpqhmuws§fVJxqo.m9«uhhx ? m:ffpqlnmhuwlnm ¡p {
wi(t)
«
i 6= 1 «hpfVhkx { h'uwsvo { mZx9fVuwstv¤BÂsv+·vms
wi(t)
uwsvo { m:xqfmZfZ«9uhÂgpemZffplrvolp { m)f©p@·©wdhJxys
w1(t)
¤ "mZsvo.m
uh'uwfJpOffuwt©mÂhprvfVm~xgu5WXm { msOhhkulnm¢¥fVhmZ ¡p {1{ mZlnpyhm~fVp9r { o.mZfZ«qp { m:¦Ortu@xq©mZs9hk©d9«qhkplnm { 9m"Jp@·1m {
mZqmZs9hfxqf'gm:fo { uwJm: xyDp@qmq¤
    º J  º K ;L ª%m"xytt©wuwmZusnmZx9orvstu h^pq vhktm z p@·m {z } BO@;@  `hktmJp@·1m { gmZsvfu hkum:f(hvxyh´x { m
uwsvgu£oxyhm:uwsO@(uwqr { m4: N¡htm:fVm'x { m { xqsvgpql sertlJm { fZ«[ ¡p { hvm'fkx ? m´pq Jm.¸txqlv©m>P
¤  vmhkpyhxy©eJp@·1m {
opqsvfrtlnghkup9s¬uwf
39.75, W
¤  vmfmsvfp { u£f"©wpgoxyhmZ¬xyh"hvmo.mZsOhm { py ,hvmuwsvfih { rJo
huwpqs­fmZ¦OrtmZsvo.uwst
rvstu h:¤
ª±uhtp9rghÂxysedo.p9svfVh { xyuws9h1pqshtm~lx@¸guwlrtl { m©£x@hku9m"hkmlnJm { xyhr { mq«Ohktm0fihkmZxqtd9¢²fVhkx@hkm { m©£x@hku9m
hkmlnDm { x@hr { m x@hhtm o.mZsOhm { pq "htm uwsvfVh { rvo
hkup9sfmZ¦OrtmsJo.uwst<rtsvu hu£fxqt { p[¸gulx@hkm©wd
60.5 K
«,pq 
·vuwo
∆w(39.75,∞) ≈ 12 K opqlnm  { pql htm"GvstuhmÂvmZx@h'fVuws ? ·uwgh+xqsv 35+∆w(39.75,∞) =
47 K
opqlnm~  { p9l hvm0usvfVh { rvo.huwpqs fVm:¦9rvmsvoustnrtsvu hÂxq©p9stmq¤
Âp@·b·m~xqfkfVrvlm hJx@h1htm { mZ©wxyhuwqmÂhmlnDm { x@hkr { m~u£f´©wulnuhm:°hkpxlx@¸gulrtl @xy©wrtm pq 
wmax =
40 K
¤ª±tmsnhktm { m©£x@huwqm1hkmlnJm { xyhr { mm.¸tommZvf
wmax
«O·m"fVhp9htm" { pgo.m:ffp {  ¡p {
100 µs
«y·vuwo
u£fS4Zhuwlnm.¢²fihkmvfx9ffrtlnuwst
∆t = 10 µs
¤,ª±uhhvuwf'p9sg¢7pW­lnmZovxqstuwfl «Ohtm)hkulnm.¢²x[qm { xqqm"Dp@·1m {
u£fÂxqrghp9lx@hu£oxq©©wd { mZqrt©£x@hkmZ¬fphvxyhÂhktm { m©£x@hku9m0hmZlDm { x@hkr { mfihx[dgf"o.©wp9fm0hp
wmax
¤@(uwqr { mF4;4
ftp@·"f3htm1hkpyhkxq©eJp@·1m { xqf(xÂ ¡rtsvo
hkup9snpy thkulnmq¤(µ²stuhu£xy©w©d9«@hvm'ovuuwf,xyhhktmxylvumZs9h(hmZlnJm { xyhr { mq«
u7¤ mq¤w«Bhtm { m©£x@huwqm+hmZlDm { x@hkr { mu£fsOrv©©7¤§Âf©wpqst%xqf { mZ©wxyhuwqm+hmlnDm { x@hkr { muwf©wmZfkfhvxqs
wmax
«
Dp@·1m { u£flxy¸euwlrvl-xqsvm:¦9rJxy©^hkp
39.75 W
¤  svo.m
wmax
u£f { m:xqotm:\«·vuwo§JxytDmsvfx@h
t ≈
0.1 s
«1hvm<pqst¢7pW lnmZovxqstu£fVl h { u9qm { f { mDmZxyhm:g©d9«"xysv lnp { m¬  { mZ¦OrtmZsOh©wdx9fhuwlnm<uwsvo { mZx9fVm:f+M
Dp@·1m { opqsvfrtlnghuwpqs°tmZo { mZx9fVm:f«qrtsOhuw©J·1m { mZxqoxfVhm:xqgdnfVhkx@hkmq¤  tmÂfVhm:xqgdO¢²fihx@hkmJp@·1m { pqsnhvuwf
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